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Geometrical Transformations I

Content

1.1 Stretching

1.2 Shearing

1.3 Combining of Transformations

1.4 Summary


1.1 Stretching
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Above figure shows a rectangle OABC. Stretch this rectangle OABC parallel to the x-axis with y-axis as the invariant line with a stretch factor 3.

Impt points about Stretching

1 The ratio 
[image: image2.wmf]3
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. This ratio is called the ______________________________.

2 We called the above transformation a __________________ parallel to the ________________.

3 Notice that a stretch will change both the ____________________ and the ________________ of the figure.

4 Area of 
[image: image3.wmf]=

¢

¢

OABC

C

B

A

O



Therefore Area of image = k x area of original figure, where k is the stretch factor.

5 Stretch the above rectangle along x-axis with a stretch factor -3.


When stretch factor is _________________, the image is on the ________________________ of the invariant line.
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Stretch the above rectangle OABC parallel to the y-axis with x-axis as the invariant line with a stretch factor 2.

Stretch factor = 
[image: image5.wmf]=
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We called this a ________________________ parallel to the _________________________ with a ____________________________________ 2.

Find area of 
[image: image6.wmf]C

B

OA
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.

Stretch OABC parallel to y-axis with x-axis as invariant line and with a stretch factor -2.

Where is your image?

Practice 1

Ex 1:
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[image: image8.wmf]ABC

D

is transformed into 
[image: image9.wmf]C
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 by a stretch of stretch factor 3 with invariant line 
[image: image10.wmf]1
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Draw 
[image: image11.wmf]C
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 on the same diagram given.

What is the area of 
[image: image12.wmf]C
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?

If M is the midpoint of AC, find the image of M under this stretch.

Ex 2:
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[image: image14.wmf]ABC

D

 is mapped onto 
[image: image15.wmf]PQR

D

 under a stretch of factor 2 with the y-axis as the invariant line. 

Draw and label 
[image: image16.wmf]PQR

D

.

Ex 3:
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[image: image18.wmf]ABC

D

 is mapped unto 
[image: image19.wmf]PQR

D

 under a stretch with x-axis as invariant line and stretch factor -2.

Draw and label 
[image: image20.wmf]PQR

D

.

Finding equation of invariant line and stretch factor:
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Invariant line:

Stretch factor:

Practice 2:

Ex 1:
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The invariant line:

The stretch factor:

Two way stretch or Double stretch
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Transform OABC with a stretch of stretch factor 3 parallel to x-axis. 

Then, followed by another stretch with a stretch factor 2.5 parallel to the y-axis.

A two-way stretch or double stretch is a transformation which moves a point (x, y) a distance hx parallel to the x-axis and a distance ky parallel to the y-axis, where h and k are the stretch factors parallel to the x-axis and y-axis respectively.

Practice 3:

Ex 1:
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ABCDE is mapped onto APQRS. Describe the transformation clearly.

1.2 Shearing
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Given that ABCD is a square. Transform the above figure with a shear, with x-axis as the invariant line and with shear factor 2.

Impt points about shearing

1. Shearing is a _______________________________ transformation that preserves the ____________ of the figure.

2. _______ and _______ are the ____________________ points. Any point on the _______________________________ remain unchanged.

3. The ratio 
[image: image26.wmf]2
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. This constant is called the ________________ factor.

4. We called this transformation a shear parallel to the x-axis with shear factor 2. Or a shear with the x-axis as the invariant line and shear factor 2.

Practice 4:

Ex 1:
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The diagram shows a trapezium OABC. S is a shear with y-axis as the invariant line and shear factor 2. Draw the image of OABC under S.

Ex 2:
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[image: image29.wmf]ABC

D

 is sheared with 
[image: image30.wmf]3
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 as the invariant line such that 
[image: image31.wmf]C
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. And name the coordinates of 
[image: image34.wmf]A
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[image: image35.wmf]B

¢

.

Finding the equation of invariant line and the shear factor:


[image: image36.wmf] 

_

 

10

 

_

 

8

 

_

 

6

 

_

 

4

 

_

 

2

 

_

 

5

 

_

 

R

 

_

 

Q

 

_

 

P

 

_

 

C

 

_

 

B

 

_

 

A

 



[image: image37.wmf]ABC

D

 is mapped onto 
[image: image38.wmf]PQR

D

 under a shear. Find the equation of the invariant line and the shear factor.

Under a shear,  a straight line and its image, which are not parallel, always meet at a point on the invariant line.

Step 1: 

Produce CA and RP to meet a point E.

Step 2:

Produce BA and QP to meet at point F.

Step 3:

Join E and F together and it forms the invariant line.

Thus the equation of the invariant line is __________________________________.

Shear factor:

Shear factor = 

Practice 5:

Ex 1:
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[image: image40.wmf]ABC

D

 is mapped onto 
[image: image41.wmf]PQR

D

 under a shear. Find the equation of the invariant line and the shear factor.

The invariant line is ______________________

The shear factor = 

Practice 6:

Ex 1:

1. 
[image: image42.wmf]ABC

D

 with vertices A(2, 3), B(3, 3) and C(2, 6) is mapped onto 
[image: image43.wmf]C
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 by a shear H.

a) Write down the equation of the invariant line.

b) Given that 
[image: image47.wmf])
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, calculate the value of k.

c) A point P is mapped onto the point 
[image: image48.wmf]ç
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 by the shear. Find the coordinates of P.

2. The figure below shows two triangles.
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[image: image50.wmf]OAB

D

 is mapped onto 
[image: image51.wmf]OPQ

 by a shear and M is the mid point of OB.

a) Name the invariant point.

b) Find the coordinates of P and 
[image: image52.wmf]M

¢

, the image of M.

c) If 
[image: image53.wmf]N

A

¢

 is perpendicular to x-axis, find the area of trapezium ONPQ.

3. Invariant line y = 1 and shear factor 3.
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4. For the following diagram, draw the image of the given figure under s shear with the indicated line as the invariant line which maps 
[image: image55.wmf]A

 onto 
[image: image56.wmf]A

¢

. Find the shear factor.
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Invariant line is x = 4.

1.3 Combination of Transformations

Ex 1:
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Draw the rectangle PQRS whose coordinates are P(0, 0), Q(4, 0), R(4, 2) and S(0, 2) and the rectangle ABCD whose coordinates are A(1, 4), B(1, 0), C(3, 0) and D(3, 4).

a) Draw the axis of symmetry of the figure formed by the two rectangles and write down its equation.

b) Given that PQRS can be map onto ABCD by a rotation, find the center of rotation by construction and state the angle of rotation.

c) PQRS is mapped onto 
[image: image59.wmf]S
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 by a shear with the y-axis as the invariant line and shear factor 2. Plot 
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d) 
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 by a stretch with x = 0 as the invariant line and stretch factor 2. Plot 
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 on the graph and write down the coordinates of 
[image: image66.wmf]S
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Ex 2:
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The diagram shows triangle A, B, C, D and E.

a) Triangle A is mapped onto Triangle B by a translation. Write down the column vector of the translation.

b) Triangle A is mapped onto Triangle C by a reflection in the line l. Write down the equation of the line l.

c) Triangle B is mapped onto Triangle C by a reflection in the line m. Find the equation of the line m.

d) Triangle A is mapped onto Triangle D by an enlargement.

i. Write down the coordinates of the center of the enlargement.

ii. Write down the scale factor of the enlargement.

iii. Find the value of the ratio 
[image: image69.wmf]D
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 expressing your answer in its lowest terms.

e) Triangle A is mapped onto Triangle E by a single transformation. Describe fullt this single transformation.

Summary:

(A) STRETCH

1. 
When a figure is under a stretch, every point of it moves perpendicular to the invariant line. The only exceptions are points on the invariant line which will remain unmoved under the stretch.


2.
Under a stretch, the area of the image is no longer the same as the original figure. This is one good way of differentiating a stretch from a shear.

3.
If A’ is the image of A under a stretch, the stretch factor is given by 

            distance from A’ to the invariant line
    

Stretch factor = --------------------------------------------------.



             distance from A to the invariant line

4.
The stretch factor is positive if the image is stretched to the right (vertical invariant line) or top (horizontal invariant line). 


The stretch factor is negative if the image is stretched to the left (vertical invariant line) or bottom (horizontal invariant line). 

Note: (i) 
The above checks are based on images above horizontal invariant lines or on the right side of vertical invariant lines.

(ii) 
Need to add in the correct sign to the calculated stretch factor.

5.
In describing a stretch, need to mention the

i)
invariant line and

ii)
stretch factor.

Eg: The transformation is a stretch with the y-axis as the invariant line and stretch factor 2.

(B) SHEAR

1. 
When a figure is under a shear, every point of it moves parallel to the invariant line. The only exceptions are points on the invariant line which will remain unmoved under the shear.


2.
Under a shear, the image changes in shape but maintains the same area as the original figure.
This is one good way of differentiating a shear from a stretch.

3.
If A’ is the image of A under a shear, the shear factor is given by 




   
   AA’


Shear factor = -----------------------------------------------.



         distance from A to the invariant line

4.
The shear factor is positive if the image is sheared to the right (horizontal invariant line) or top (vertical invariant line). 


The shear factor is negative if the image is sheared to the left (horizontal invariant line) or bottom (vertical invariant line). 

Note: (i) 
The above checks are based on images above horizontal invariant lines or on the right side of vertical invariant lines.

(ii) 
Need to add in the correct sign to the calculated shear factor.

5.
In describing a shear, need to mention the

i) invariant line and

ii) shear factor.

Eg: The transformation is a shear with the x-axis as the invariant line and shear factor 3.
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