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Geometrical Transformations I
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1.5 Combination of Transformation
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1.1 Reflection
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The figure above shows 
[image: image2.wmf]ABC

D

 and a line 
[image: image3.wmf]3

=

x

. Draw the image of 
[image: image4.wmf]ABC

D

 undergoing a reflection in 
[image: image5.wmf]3
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.

[image: image6.wmf]3
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 is called the ______________________________________________ or

______________________________________________ or


______________________________________________ or


______________________________________________ .

Impt points about Reflection:
1. Under reflection, the ____________ and _____________ of an image is exactly the same as its original figure. We called this rigid transformation an isometric transformation.
2. In above figure, 
[image: image7.wmf]ABC

D

 (read in _________________ direction) under reflection, becomes 
[image: image8.wmf]C

B

A

¢
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 (read in _____________________________ direction), i.e. the sense is reversed. We say that reflection does not preserve ____________________________ .
3. The line of reflection is the ________________________________________ of the line joining any point and its image. i.e. If 
[image: image9.wmf]A

¢

 is the image of 
[image: image10.wmf]A

 under a reflection in the line PQ, then PQ is the _________________________________________ of 
[image: image11.wmf]A

A

¢

.
4. All points on the mirror line undergo no change. We say that these points are ____________. In the above case, _______ is the only _________________________, a point that does not undergo any change in a transformation.
Example 1:
The coordinates of A and B are (-2, 2) and (1, 4) respectively. The line joining A and B is reflected in the x-axis to 
[image: image12.wmf]B
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. Find the coordinates of 
[image: image13.wmf]A

¢

 and 
[image: image14.wmf]B

¢

. 

[image: image15.wmf]B
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 is then reflected in the line 
[image: image16.wmf]3
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 to give 
[image: image17.wmf]B
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. Find the coordinates of 
[image: image18.wmf]A
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 and 
[image: image19.wmf]B
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.
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Find the axis of reflection and its equation:
[image: image21.emf]�
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Above figure shows the line segment AB and its image 
[image: image22.wmf]B

A

¢

¢

, where 
[image: image23.wmf]A

, 
[image: image24.wmf]B

, 
[image: image25.wmf]A

¢

 and 
[image: image26.wmf]B

¢

 are the points (1, 3), (2, 6), (3, 1) and (6, 2) respectively.
Step 1:
Join 
[image: image27.wmf]A

 to 
[image: image28.wmf]A

¢

 and 
[image: image29.wmf]B

 to 
[image: image30.wmf]B

¢

 and construct the _______________________________________ l of 
[image: image31.wmf]A

A
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 and 
[image: image32.wmf]B

B

¢

. The line l is the axis of reflection.
To find the equation of l:
Step 2:

Mid point of 
[image: image33.wmf]A

A

¢

 = 

Mid point of 
[image: image34.wmf]B

B

¢

 = 

Gradient of l =

Using the gradient to find the equation:

1.2 Rotation
[image: image35.emf]�
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The figure above shows the flag ABCD. Draw the image of ABCD undergoing a rotation 
[image: image36.wmf]°

90

 anticlockwise about the origin.
The origin is called the ____________________________________.

[image: image37.wmf]°

90

 is called the _________________________________________.

We describe this transformation as an anticlockwise rotation of 
[image: image38.wmf]°

90

 with centre at the origin.
Find the centre of rotation:
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Step 1:
Join 
[image: image40.wmf]A

 to 
[image: image41.wmf]A

¢

 and construct the perpendicular bisector 
[image: image42.wmf]1

m

.

Step 2:

Join 
[image: image43.wmf]C

 to 
[image: image44.wmf]C

¢

 and construct the perpendicular bisector 
[image: image45.wmf]2

m

.

Step 3:

Find the intersection of 
[image: image46.wmf]1

m

 and 
[image: image47.wmf]2

m

. The point of intersection is known as the ____________________________________.

Step 4:

To find the angle of rotation, join 
[image: image48.wmf]AO

 and 
[image: image49.wmf]O

A

¢

. 
[image: image50.wmf]A

AO
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Ð

 is the angle of rotation in an anticlockwise direction.
Impt points about rotation:

1. 
[image: image51.wmf]ABCD

 and 
[image: image52.wmf]D

C

B
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¢

 are of the same _______________ and _____________.

2. If 
[image: image53.wmf]A

¢

 is the image of 
[image: image54.wmf]A

 under a rotation about O, then 
[image: image55.wmf]OA

A
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 where 
[image: image56.wmf]A
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 is the angle of rotation.
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3. If 
[image: image58.wmf]A

¢

 and 
[image: image59.wmf]B

¢

 are the images of A and B respectively under a rotation about O, then the _________________________________ of 
[image: image60.wmf]A

A

¢

 and 
[image: image61.wmf]B

B

¢

 meet at the centre of rotation O.
Example 3:

Draw 
[image: image62.wmf]ABC

D

 and 
[image: image63.wmf]PQR

D

 with vertices A(2, 2), B(3, 3), C(1, 4), P(4, 2), Q(5, 1) and R(6, 3).
a) 
[image: image64.wmf]ABC

D

 is mapped onto 
[image: image65.wmf]LMN

D

 by a 
[image: image66.wmf]°

90

 clockwise rotation with centre of rotation at (0, 3). Draw 
[image: image67.wmf]LMN

D

 and label the vertices clearly.
b) 
[image: image68.wmf]ABC

D

 is the image of 
[image: image69.wmf]PQR

D

 under a rotation. Find the centre of rotation by construction and state the angle of rotation.
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1.3 Translation
[image: image71.emf]�
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Figure above shows 
[image: image72.wmf]ABC

D

. Draw the image of 
[image: image73.wmf]ABC

D

 under a translation of 
[image: image74.wmf]÷
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.
Impt points about translation:
1. A translation is _____________________ and it _______________________ orientation.
2. There is _______ invariant point under translation.

3. A translation can be represented by a _______________________________ 
[image: image75.wmf]÷
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 where a and b is the number of units of moves along x and y axes respectively.

4. The vector equation representing a translation is 
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 where 
[image: image77.wmf]÷
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 is the translation vector and 
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[image: image79.wmf]÷
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5. A translation is represented by a column vector, 
[image: image80.wmf]÷
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Example 4:

Find the coordinates of the images of the quadrilateral A(1, 1), B(2, 6), C(6, 4) and D(5, 2) under the translation 
[image: image81.wmf]1

T

 represented by 
[image: image82.wmf]÷
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.
What would be the image of the new quadrilateral if it underwent another translation 
[image: image83.wmf]2

T

 represented by 
[image: image84.wmf]÷
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1.4 Enlargement

[image: image86.emf]�
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Enlarge the above 
[image: image87.wmf]ABC

D

 with a scale factor 2 and centre of enlargement O.
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Enlarge the above 
[image: image89.wmf]ABC

D

 with a scale factor 
[image: image90.wmf]2

-

 and centre of enlargement O.
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Enlarge the above 
[image: image92.wmf]ABC

D

 with a scale factor 
[image: image93.wmf]3

1

 and centre of enlargement O.
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Enlarge the above 
[image: image95.wmf]ABC

D

 with a scale factor 
[image: image96.wmf]3

1

-

 and centre of enlargement O.

3 types of enlargement

i) image becomes larger

· 
[image: image97.wmf]k



 EMBED Equation.3  [image: image98.wmf]ñ



 EMBED Equation.3  [image: image99.wmf]1


ii) image becomes smaller

· 
[image: image100.wmf]k



 EMBED Equation.3  [image: image101.wmf]á



 EMBED Equation.3  [image: image102.wmf]1


iii) image inverted

· 
[image: image103.wmf]k

 is negative
iv) image lie on same side

· 
[image: image104.wmf]k

 is positive
Impt notes about enlargement:
1. Under enlargement, each length of the image of the figure is 
[image: image105.wmf]k

 times the original length where 
[image: image106.wmf]k

 is the numerical value of 
[image: image107.wmf]k

, the ____________________ factor (or the scale factor).
2. Enlargement carries segments of figures ___________________________ into corresponding segments of figures.
3. Enlargement transforms angles into ________________ angles.

4. Enlargement transforms whole figures into ______________________ figures.

5. If one point falls on the centre of enlargement, that point is an __________________________.

Finding the centre of enlargement:
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Figure a

Step 1:
Join any 2 corresponding points from the original figure and the image. i.e. 
[image: image109.wmf]A

A

¢

 and 
[image: image110.wmf]B

B

¢

.

Step 2:

Extend 
[image: image111.wmf]A

A

¢

 and 
[image: image112.wmf]B

B

¢

 till they intersect each other.

The point of intersection is the centre of enlargement E.

Step 3:

To find the scale of enlargement, use the formulae:
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Area of enlarged figures

Impt formula: Area of image = 
[image: image115.wmf]2

k

 x (area of the original figure)
Ex Fig a above: 

Example 5:
The image of 
[image: image116.wmf]ABC

D

 under an enlargement is 
[image: image117.wmf]PQR

D

. Given that the coordinates of the triangles are A(2, 1), B(5, 1), C(3, 3), P(3, 1), Q(9, 1) and R(5, 5), draw the two triangles on the grid provided and find:

a) The coordinates of the centre of enlargement,

b) The scale factor,

c) The area of 
[image: image118.wmf]ABC

D

 and 
[image: image119.wmf]PQR

D

.
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Practice 1:

1. V is a transformation which maps (x, y) onto (-y+1, -x+1). 
[image: image121.wmf]ABC

D

 with vertices A(1, 2), B(3, 4) and C(4, 3) is mapped onto 
[image: image122.wmf]C

B

A

¢

¢

¢

D

 under V.
a) Write down the coordinates of the points 
[image: image123.wmf]A

¢

, 
[image: image124.wmf]B

¢

 and 
[image: image125.wmf]C

¢

.

b) Draw and label 
[image: image126.wmf]ABC

D

 and 
[image: image127.wmf]C

B
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D

.

c) Describe the transformation V completely.

[image: image128.emf]�
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2. The line BE divides the rectangle ACDF into two equal squares.

[image: image129.emf]�
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a) R is an anticlockwise rotation in the plane of the paper. Under R, 
[image: image130.wmf]ABF

D

 is mapped onto 
[image: image131.wmf]CDB

D

. State

i) The centre of rotation

ii) The angle of rotation.

b) M is a reflection in a certain line. Under M, 
[image: image132.wmf]ABF

D

 is mapped onto 
[image: image133.wmf]CBD

D

. Name the line.
3. Answer the whole of this question on a sheet of graph paper.
a) Using a scale of 1 cm to represent 1 unit on each axis, draw x- and y-axes, taking values of x from -8 to 12 and values of y from -6 to 14. Draw and label the triangle X, with vertices    (2, 4), (4, 4) and (4, 1). 

b) The single transformation U maps the triangle X onto the triangle U(X) which has vertices (6, 12), (12, 12) and (12, 3). Draw and label the triangle U(X) and describe fully the transformation U.
c) The transformation R is a clockwise rotation of 
[image: image134.wmf]°

90

 about the origin. Draw and label the triangle R(X).
d) The transformation T is the translation 
[image: image135.wmf]÷
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. Draw and label the triangle T(X).
e) The single transformation V is defined by V: 
[image: image136.wmf])
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. Draw and label the triangle V(X) and describe fully the transformation V.
1.5 Combination of transformations

Consider the following example:

[image: image137.emf]�
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Mark the point (1, 1) as A.

Translate A by a translation 
[image: image138.wmf]÷
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. And then translate the image again by a translation 
[image: image139.wmf]÷
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The final image is ____________________.

What if we translate point A by 
[image: image140.wmf]2

T

 first then 
[image: image141.wmf]1

T

? The final image is __________________.

Conclusion: The final images of the two cases are the __________.

Consider the following example:
M and R are transformations defined by:

M: Reflection in the x-axis

R: Rotation clockwise 
[image: image142.wmf]°

90

 about the origin
[image: image143.emf]�
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Mark the point A(2, 3). Transform A by RM. The image is __________________.

Transform A by MR. The image is _________________ .

Conclusion: Thus “R followed by M” is NOT THE SAME as “M followed by R”.
Practice 2:
1. A transformation P followed by another transformation Q will map the triangle ADE onto the triangle BAC. Describe P and Q.
[image: image144.emf]�
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Ans: P is ________________________________________________________________________
_______________________________________________________________________________.

Ans: Q is _______________________________________________________________________

______________________________________________________________________________.

2. Two operations R and T, are defined as follows:

R is a clockwise rotation through 
[image: image145.wmf]°

90

 about (0, 2) and T is a translation which maps the point  (x, y) onto the point (x+3, y+1).

If P is the point (2, 3), find the coordinates of R(P) and TR(P).

[image: image146.emf]�
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3. 
The triangle ABC is mapped onto the triangle DEF by means of the following successive operations:

a) An enlargement, centre A and scale factor 2,

b) A reflection in the line PQ,

c) A clockwise rotation of 
[image: image147.wmf]°

90

 about R.

Draw the triangle DEF on the grid provided and label its vertices clearly.

4. R: 
[image: image148.wmf])
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 and E: 
[image: image149.wmf])
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Q is a single transformation equivalent to ER.

a) If 
[image: image150.wmf]C

B

A

¢
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D

 is the image of 
[image: image151.wmf]ABC

D

 with vertices A(1, 2), B(1, 4) and C(3, 2) under Q, find the vertices 
[image: image152.wmf]A

¢

, 
[image: image153.wmf]B

¢

 and 
[image: image154.wmf]C

¢

.
b) Describe geometrically transformation Q.
[image: image155.emf]�
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